a This paper includes data gathered with the 6.5m Magellan Clay Telescope at Las Campanas Observatory, Chile. 
INTRODUCTION
Type II Cepheids are low-mass pulsating stars that belong to the disc and halo populations (Wallerstein 2002) . They are a much older counterpart of the more massive classical Cepheids -they have periods and amplitudes in a similar range, but are about 1.5-2 mag fainter. They exhibit a tight and well-defined period-luminosity relation and may serve as a good distance indicator, allowing a measurement of distances both inside and outside of our Galaxy (Matsunaga et al. 2011 , Soszyński et al. 2008 , Majaess et al. 2009 ).
Compared to classical Cepheids, our knowledge of type II Cepheids is very poor, being more qualitative than quantitative. Type II Cepheids are usually divided into three subgroups depending on the pulsation period, observational properties and evolutionary status, but nevertheless present a similar period-luminosity relation. Starting from the work of Gingold (1976 Gingold ( , 1985 it is generally accepted that those with the shortest periods (called BL Herculis / BL Her stars) are evolving from the Horizontal Branch to the Asymptotic Giant Branch (AGB). Those with periods in the range of 4-20 days (called W Virginis / W Vir stars) are on their way up the AGB and enter the pulsational instability strip due to helium shell flashes, which makes them move to higher temperatures on the HR diagram. Finally, those with the longest periods (called RV Tauri / RV Tau stars) are leaving the AGB on their way to the white dwarf cooling sequence. The result of Gingold's work was only qualitative though, explaining the difference between these three subgroups with different periods, without an explanation of the relative rate of occurrence nor a measurement of the values of basic parameters including the masses of these variables. The situation is even more complicated as more recent evolutionary models (see Bono et al. 2016 , and references therein) do not predict thermal pulses that would explain the existence of W Vir stars.
It is clearly important to obtain direct measurements of the masses for a sample of type II Cepheids to pinpoint their evolutionary status. The best means for such measurements are eclipsing binary systems in which one or both components are pulsating stars. We have applied this method to eclipsing binaries containing classical Cepheids obtaining very precise masses (Pilecki et al. 2013 Gieren et al. 2015) .
The same eclipsing binary method also enables a direct determination of another important parameter, namely the projection factor (hereafter p-factor), which is the conversion factor between the observed radial velocity and the stellar pulsational velocity. This methodology has been used to measure the p-factor for three classical Cepheids (Pilecki et al. 2013; Gieren et al. 2015; Pilecki et al. in prep) .
As part of research on the characteristics of type II Cepheids the OGLE project Soszyński et al. (2008) identified a group of W Virginis stars that for similar periods have differently looking light curves, with the rising branch being steeper than the declining one. These were called peculiar W Virginis stars (hereafter also pWVir). In general these stars also lie above the normal sequence for type II Cepheids and are bluer in color. For a statistically significant fraction eclipses and ellipsoidal modulations were detected. The authors suggested that all of these stars are members of binary systems.
OGLE-LMC-T2CEP-098 (hereafter T2CEP-098) is one of the peculiar W Virginis stars that exhibit eclipses. Its existence was first reported by Welch & MACHO Collaboration (1999) . The system was later analyzed by Alcock et al. (2002) , but due to the lack of spectroscopic data and good modeling tools only approximate results were obtained. They noted that the components have similar radii, but that the companion to the Cepheid is much brighter and bluer. They could not say anything about the absolute physical parameters however.
In this study we present high-resolution spectra and use more sophisticated modeling together with pulsation theory to obtain a consistent picture of the system and the stars of which it is composed, including the important physical parameters (like mass) of the Cepheid T2CEP-098. (Ripepi et al. 2015) , OGLE-3 , MACHO (Alcock et al. 1999 ).
DATA
Our analysis makes use of 678 measurements in the I-band and 121 in the V-band acquired with the Warsaw telescope at Las Campanas Observatory by the OGLE project (Udalski 2003 , Soszyński et al. 2008 . We have also used instrumental V-band (940 points) and R-band (953 points) data from the MACHO project (Alcock et al. 1999) downloaded from their webpage 1 and converted to the Johnson-Cousins system using equations from Faccioli et al. (2007) . Basic data for the system are given in Table 2 , while in Fig. 1 we present all of the photometric data used in the modeling.
In contrast to our recent analysis of OGLE LMC562.05.9009 we did not transform the MACHO V -band light curve to the OGLE system because the OGLE V -band data are quite scarce and cannot serve as a reference. A reverse transformation (to the MACHO system) is not advisable as the MACHO data, apart from being quite noisy, are taken in non-standard filters. As a result we have modeled only the OGLE I and MACHO R and V data, and use the OGLE V -band light curve to obtain the flux ratio of the component stars, once the other parameters were determined.
The K-band data for this system come from the VISTA near-infrared Y JK S survey of the Magellanic Clouds (VMC, Cioni et al. 2011) . No eclipses were observed and so the light curve cannot be used for modeling. The K-band data were used to assist in the calculation of the effective temperature of the component stars.
The spectroscopic data were acquired using the MIKE spectrograph on the 6.5-m Magellan Clay telescope at Las Campanas Observatory in Chile, the HARPS spectrograph attached to the 3.6-m telescope at La Silla Observatory and the UVES spectrograph on VLT at Paranal Observatory. In total we obtained 30 high-resolution spectra (21 MIKE + 6 HARPS + 3 UVES). The MIKE data were reduced using Daniel Kelson's pipeline available at the Carnegie Observatories Software Repository 2 . The UVES data were reduced using ESO Reflex software and the official pipeline available at the ESO Science Software repository 3 . For HARPS we have used the online reduced data which are available at the ESO Archive 4 . All the used light curves and radial velocity measurements are available online 5 .
INITIAL ANALYSIS

Photometry
The pulsational period was determined using the OGLE I-band and MACHO V-band light curves together after removing the phases that correspond to eclipses. We did not use the MACHO R-band data as the measurements are taken at the same times and do not bring much new information. A cyclical period change was also detected Figure 2. Pulsational light curves of the Cepheid OGLE-LMC-T2CEP-098 with the light of the companion subtracted, folded with the ephemeris Tmax(HJD) = 2455500.00 + 4.973726×E. Y-axis span is the same (1.6 mag) for all the panels. For K-band the 3-order Fourier fit is shown as well.
corresponding to the orbital motion of the Cepheid and this was taken into account in the fit. The light curves were also detrended in the process, i.e. we have subtracted the systematic brightness deviations that are not related to the pulsational or eclipsing variability. In most cases these were seasonal variations with a period of about one year.
The pulsational period obtained from the MACHO data is a bit lower than the one obtained from the OGLE-III data with the difference being larger than expected for the estimated uncertainties. In the analysis we have used a weighted mean value of both, P mean = 4.973726d.
Out-of-eclipse light curves of T2CEP-098 folded with the pulsation period are plotted in Fig. 2 . The shape of the I-band light curve of the Cepheid was analyzed through its Fourier decomposition parameters (Simon & Lee 1981) . To describe the light curve shape the amplitude ratios R i1 = a i /a 1 and phase differences φ i1 = φ i − i * φ 1 are used, with a series of the following form fitted to the data:
The position of the star in the R 21 , R 31 , φ 21 and φ 31 vs. period plane is compared to other Type II Cepheids in Fig. 3 and 4. The pulsational period corresponds to the range occupied by W Virginis stars, but as noted by Soszyński et al. (2008) , the light curve shape is different compared to that of a typical star of this type with a similar period. As a result, these authors classified the T2-CEP-098 as a peculiar W Vir star.
However, the light curve shape (compared with the light curves in Fig. 3 of Soszyński et al. 2008 ) and the position of T2CEP-098 on the diagrams suggest that it may have more in common with BL Herculis type stars. BL Herculis stars with periods P ∼ 2d have almost identical light curves 6 compared to T2CEP-098. Soszyński et al. (2008) add that the distinction between the BL Her and W Vir stars is not clear and different authors suggest different limiting periods ranging from 3 to 10 days (e.g Neilson et al. 2016 ).
The situation is further complicated since the light curve of the pulsating component is also similar to those of classical Cepheids with P ∼ 17d. This observation together with other features of the star revealed by the analysis presented below make its classification even more difficult. We will elaborate more on this in Section 5.3.
Once the pulsational light curves were prepared they were subtracted from the raw data to obtain the eclipsing light curves. The I-band light curve prepared this way (presented in Fig. 5 ) was used to obtain an initial photometric solution in order to have a rough estimation of the most important parameters. This estimation was then used as a starting point in the main analysis. Figure 6 . Broadening Function profiles of T2CEP-098 (blue) and other sources detected in one of the spectra in the wavelength range 5350 to 6800Å. Note that the radial velocities of the Cepheid were measured in a much broader range 4125 to 6800Å, for which these additional sources were barely visible. When detected, the additional peaks were included in the profile fit at known fixed velocities, making their influence negligible.
Radial velocities
T2CEP-098 is a single-lined spectroscopic binary (SB1) and only velocities of the Cepheid could be extracted from the spectra. Although the presence of the companion was detected in the Balmer lines, velocities measured from these lines were not accurate enough to derive its orbit. However they scatter about the systemic velocity of the system and are clearly anti-correlated with the orbital velocity of the Cepheid.
In several spectra other sources were detected at constant velocities: about 252 km/s, 288 km/s and 325 km/s. These additional sources are barely visible in the blue part of the spectrum, but are clearly evident in the red portion of the spectrum. To increase the detection efficiency of the additional components we have searched for them in the wavelength range 5350 to 6800Å, narrower and redder than the region used to determine radial velocities (RVs) of the Cepheid.
For one of the spectra the profiles of the additional sources obtained this way are even comparable to the Cepheid profile (see Fig. 6 ). However prominent third light is excluded by the analysis of the light curves described in Section 4. As the system is located in a very dense field (see Fig. 7 ) it is highly probable that light from nearby stars on the sky has entered the slit, thus affecting only the obtained spectra and not the photometry. Note that the slit for the MIKE spectrograph cannot be set since the instrument is fixed with respect to the Nasmyth platform of the Magellan Clay telescope. As a result the position angle of the slit on the sky rotates during any individual observation. Neighborhood of OGLE-LMC-T2CEP-098 (marked with a white cross). The field is very crowded, which enhances the possibility for nearby stars to enter the slit and thus appear in the spectra. An area of 60x60 arcseconds is shown. Note-T0 and period were taken from the photometric solution. Eccentricity e was set to 0, consistent with the both photometric and orbital solutions. The eccentricity error is taken into account in estimating errors in the other parameters. a fixed value b at the given epoch (changes due to the third body influence)
To measure velocities we used the Broadening Function method (Rucinski 1992 (Rucinski , 1999 implemented in the RaveSpan application (Pilecki et al. 2013 with a template matching the Cepheid in the temperature-gravity plane. The template was taken from the library of theoretical spectra of Coelho et al. (2005) . Radial velocities were measured in the range 4125 to 6800Å. In this wavelength range the Cepheid is the only strong, variable peak in the majority of spectra. In some cases, where additional light sources were also visible we have included them in the profile fitting with fixed velocities. The overall effect of these sources on the measured Cepheid velocities is thus negligible. The typical formal errors of the Cepheid velocities derived this way are ∼ 900 m/s.
The measured velocities show cyclical variations with two periods corresponding to the pulsational and orbital motions. This unambiguously confirms that the Cepheid T2CEP-098 is a component of an eclipsing binary system.
To disentangle the orbital and pulsational motions we simultaneously fitted the eccentricity e, argument of periastron ω, velocity semi-amplitude K 1 , systemic velocity γ, and a number of Fourier series coefficients representing the pulsational radial velocity (RV) curve . The orbital period P orb and the time of the spectroscopic conjunction T 0 was kept fixed at the values taken from the preliminary analysis of the photometry. After some trials, the order of the Pulsational radial velocity curve (points) and the radius variation (solid lines) of the Cepheid over one pulsation cycle. To obtain this RV curve the orbital motion was removed from the measured radial velocities. The full range of ∆R is 5.7 − 6.7R⊙ depending on the assumed p-factor (1.2-1.4).
Fourier series was set to n = 4, which gave the best fit without overfitting. Higher orders might be necessary if the star happens to have a more complicated RV curve, but this cannot be confirmed with the present data. After fitting this model a systematic difference in the residuals was seen (with higher velocities at the beginning of the observations and lower at the end), suggesting the influence of a third body with a period of the order of ten thousand days. Assuming an external period (P ext ) of 15000 days and zero eccentricity we then added the K 12 amplitude of the system center-of-mass to the model and obtained a value of 5 ± 1 km/s and a much better fit to the data with no systematic difference in the residuals. The amplitude is highly correlated with the assumed period, but this assumption has no impact on the other parameters.
All of the aforementioned additional objects detected in the spectra showed constant velocity within the errors, so it is highly unlikely that one of them is the supposed third component of the system, as it would have to be much more massive than the stars in the eclipsing binary together. Periods measured for different data sets (∆P = P − 4.9735078 days). Horizontal lines shows the timespan of the given data set, the point is located at the weighted center of the data set and the measured period (with errors). RVC marks the period measured from the radial velocity curve.
The results were used to obtain the final photometric model. In the process the orbital solution was updated using new values for P orb and T 0 for full consistency. The eccentricity was also fixed at 0.0 as obtained from the photometry (and consistent with the orbital solution within errors). The final model parameters are presented in Table 2 and the orbital and pulsational radial velocity curves are shown in Fig. 8 and 9, respectively. The high pulsational radial velocity amplitude (about 50 km/s) translates to a radius change of 5.7 − 6.7R ⊙ depending on the assumed p-factor (1.2-1.4).
Pulsational period
Erratic period changes are known to be present among type II Cepheids (Neilson et al. 2016) . They were noted for example for RU Cam (Percy & Hale 1998) , κ Pav (Feast et al. 2008 , Breitfelder et al. 2015 and various Cepheids in globular clusters (Rabidoux et al. 2010 , Plachy et al. 2017 . W Virginis itself also exhibits nonlinear period changes, but in this case the changes are quite regular and are probably an effect of multiperiodicity (Templeton & Henden 2007) . On the other hand, our object is not a typical type II Cepheid, and so we must be cautious in taking these examples as a guide.
The initial analysis of the photometric data indeed led to the discovery of different pulsational periods for all analyzed datasets (see Fig. 10 ) inconsistent with a linear period change. As already mentioned, we have detected a small but significant difference in the periods obtained from the analysis of MACHO and OGLE light curves. Although the difference cannot be explained by the errors of the period determination a linear period change could explain it.
Much more striking however is the low value of the pulsation period obtained from analysis of the radial velocities. This is only marginally consistent (within 3 sigma) with the pulsational periods obtained from the light curves and it does not follow the expected slow period increase. On the other hand no significant linear nor long-term cyclical period change was detected in any of the data sets. We have checked the possibility that for some reason the period from RVs is wrong. The most probable explanation is an unfortunate phase distribution of our measurements.
If we adopt a fixed period obtained from the photometry, the fit of the model to the measured radial velocities is not satisfactory unless we significantly increase (from 4 to 7-8) the order of the Fourier series that describes the pulsations. Since the number of RV measurements is not high enough, some overfitting occurs. The shape of the resulting pulsational RV curve is a bit different with a small bump close to the maximum (roughly corresponding in phase with the bump seen in the light curves). The resulting difference in the radius change and the Cepheid orbital amplitude is not significant. We conclude that there are no effects of using a fitted (lower) pulsational period on the final results. At the moment the results obtained on the period change of the Cepheid are not conclusive and a longer observational baseline would be needed to confirm the erratic period change. 
ANALYSIS AND RESULTS
Analysis
For a detailed description of the method and the analysis steps we refer the reader to Pilecki et al. (2013) and the papers on other Cepheids that follow. Here we will present a short summary of the subject.
The photometric data were analyzed using a pulsation-enabled eclipsing modeling tool based on the well-tested JKTEBOP code (Southworth et al. 2004 ), modified to allow the inclusion of pulsational variability. The JKTEBOP code itself is based on the EBOP code (Popper & Etzel 1981) , in which the stars are treated as spheres for calculating eclipse shapes and as bi-axial ellipsoids for calculating proximity effects. This treatment of the stars makes it useful only for well separated components, but the code works very fast and has extremely low numerical noise.
In our approach we generate a two-dimensional light curve that consists of purely eclipsing light-curves for different pulsating phases. Then a one-dimensional light curve is generated (interpolated from the grid) using a combination of pulsational and orbital phases calculated with the Cepheid and system ephemerides.
From the photometric solution we have the period, the time of the primary minimum (T I ), the inclination (i), the fractional radii (r 1 and r 2 calculated from the fitted sum and ratio of radii), the eccentricity (e), the argument of periastron (ω), the surface brightness ratios (j 21 ), the third light (l 3 ), and the p-factor (p) value. Fractional radii are expressed in the units of A, the separation of the components, such that r i = R i /A, where R i are the physical radii of the components.
In the JKTEBOP code limb darkening is described by a set of atmospheric parameters, including the temperature, which can be set fixed or fitted. At the beginning we set the temperatures to 5000 and 8500 as obtained from the initial solution and the observed color-temperature transformation. Once the final solution was reached we fixed all of the parameters and solved for the temperatures that give the limb darkening parameters that best describe the data. In this way we obtained a temperature of 5500 +200 −400 K for the Cepheid and 9500 +1000 −500 K for the companion. In our model we can only calculate the p-factor with respect to the known separation (A) of the stars in the system. Because in this case we only know the size of the orbit of the Cepheid (A 1 = 375R ⊙ ) we had to assume a value for A in order to do the analysis. A separation of 437 R ⊙ was chosen as it corresponds to a Cepheid mass of 1 M ⊙ and a p-factor of 1.24 -a reasonable compromise between the expected values for these two parameters. The expected mass for type II Cepheids is 0.5 M ⊙ and the expected p-factors between 1.2 and 1.4. In our method both the mass and the p-factor are directly scaled with the assumed A. The use of scaling p ∼ A to estimate the mass of the Cepheid is described in Section 5.1.
The components are distant enough from each other (at least 375 R ⊙ ) that there are no proximity effects and the assumed separation has negligible influence on the values of the other fitted parameters.
The presence of significant third light was detected in all analyzed bands. The highest value, of about 5%, was obtained for MACHO R C , but up to 10% values are possible within the errors. The uncertainty of the third light determination significantly influences the uncertainties of the other parameters, especially the inclination and the sum of the radii.
To obtain an optimal solution and an error estimation a standard Monte Carlo and Markov Chain Monte Carlo (MCMC) sampling was used. Best model fits to different light curves are presented in Figures 11 and 12. 
Results
In Table 3 we present two solutions. The first (Solution 1 or S1) was obtained using OGLE I C together with MACHO red and blue band data transformed to R C and V J , respectively. For the second one (Solution 2 or S2) we used only the OGLE I C data with period, T I , and the third light fixed as the former ones are band-independent and benefit from longer baseline and the latter is hard to establish using only one-band. For each solution both fitted and mean values are given for the parameters that vary during the pulsation cycle. The fitted parameters describe the system at pulsation phase 0.0 using the following ephemeris:
T max (HJD) = 2455500.000 + 4.973726 × E .
Solution 2 serves as a comparison and to estimate possible systematic errors resulting from the inclusion of the non-standard MACHO photometry. Note that not including all the parameters in the fitting procedure makes the estimated errors for the second solution much lower than they really are. The results are quite consistent with only small differences between the majority of parameters. The largest discrepancy was found for the mean sum of the radii -about 2σ of the combined uncertainties. From the photometric solution the relative radius change can be calculated to be about 25% of the mean radius. This value is independent of the assumed A, as it comes directly from the modeling of the light curves and the pulsational radial velocity curve. We emphasize that different separations lead to different p-factor values.
Colors and temperatures
The system and individual magnitudes were dereddened using a value of the ratio of total to selective extinction of R V = A V /E(B − V ) = 3.1 and assuming an average combined LMC and Galactic foreground E(B − V ) value of 0.12 mag (Imara & Blitz 2007) . We used the interstellar extinction law relations provided by Cardelli et al. (1989) Table 4 .
In case of OGLE V -band data we obtained the light ratio by using the S1 model, fixing the surface brightness ratio at the value obtained for the MACHO V -band data and fitting just the third light. The best fit was found for no third light at all. Apart from the (V − R) color in all cases where V -band magnitude was used it was an average of OGLE and MACHO, i.e. 16.82 for the Cepheid and 14.44 for the companion.
Following Alcock et al. (2002) we used two semi-empirical transformations from Chiosi et al. (1993) to obtain temperatures using (V − I) and (V − R) colors from OGLE and MACHO projects, respectively: log(T ef f ) = 4.199 − 0.04622 + 0.2222(V − I) log(T ef f ) = 4.199 − 0.08369 + 0.3493(V − R)
Temperatures calculated from both colors gave the same temperature for the Cepheid (∼ 5300 K) and values of ∼ 9000 and ∼ 10400 K for the companion. These results are consistent with the temperatures obtained from the limb darkening fitting. We have also tested different calibrations from González Hernández & Bonifacio (2009) and Ramírez & Meléndez (2005) , and obtained for the Cepheid temperature values between 5200 and 5300 K.
For the VMC K-band data we used the known temperature and colors to estimate the (V − K) color of the Cepheid, for which the results are more consistent. Using this color we calculated the K-band magnitude of the Cepheid, and then subtracting its light from the dereddened system light we could calculate the brightness of the blue companion. Two values are given, one without the third light and the second (in parenthesis) for an assumed 10% of system light contributed by the third light. The assumed value would include both the unseen third companion and a possible Cepheid envelope, known to produce an infrared excess of that order (Gallenne et al. 2012 ). The temperatures obtained for both of these cases are also given. Once the light of the stars composing the system were disentangled it was possible to check how the position of the Cepheid in the period-luminosity diagram has changed. As seen in Fig. 13 the star moves closer to the P-L relation for type II Cepheids, it is still too far away to be consistent with that relation. It is interesting to note that the application of a similar correction (subtraction of the companion light) would move all but one other outliers onto the P-L relation for type II Cepheids.
We have also checked the position of the Cepheid on the K-band P-L diagram published by Bhardwaj et al. (2017) see their Fig.9 . After the subtraction of the companion light the Cepheid lies closer to the relation for type II Cepheids than to the one for the classical Cepheids, but is still one of the most outlying points. In this case however even half of the same correction as applied for T2CEP-098 would move all the other outliers onto their P-L relation.
It is not very likely that the system is located closer than the LMC, as the systemic velocity of ∼ 260 km/s corresponds perfectly to the average LMC velocity. One of the possibilities could be that in case of T2CEP-098 some anomalous, extreme reddening may be present, but other explanations, including a different evolutionary state, cannot be excluded. In fact, the position of the Cepheid between the period-luminosity relations of classical and type II Cepheids resembles the position of Anomalous Cepheids, which are interpreted as mergers with masses about 1.5 M ⊙ . Such a value for the mass corresponds perfectly to our best estimate for the mass of the Cepheid, which is discussed in the next section.
In the color-magnitude diagram (Fig. 14) the Cepheid in the system (with the companion) lies to the blue of the overall distribution of type II Cepheids. Correction for the light of the companion, however, moves the Cepheid to the region occupied by the normal W Virginis stars. This means that the color alone cannot serve to discriminate the peculiar variables (as suggested by Soszyński et al. 2008) . Discrepant color might suggest that the star may be a member of a binary system. It is even possible that the majority (if not all) of the outliers on this plot are members of binary systems with a quite bright companion of very different color. Cepheid radius Figure 15 . The p-factor versus radius (left) and mass (right) relations. In our method we can relate the p-factor value with the stars separation and thus with other physical parameters. The values of p lower than 1.2 and higher than 1.4 can be safely excluded, which limits the mass to the range between 0.72 and 2.43 M⊙. Dark gray areas marks the combined best solutions from the bolometric correction and SBCR methods (see text), and the light gray areas marked their combined errors.
DISCUSSION
Mass estimation
The bright early-type companion is only seen in the Balmer lines. Its detection is hindered by the presence of about 3-4 other sources seen in the spectra. One of these has the radial velocity in the range of the most probable quadrature velocities of the companion making it even harder to detect (see Fig. 8 ). Velocities measured from the Balmer lines were not accurate enough to enable us to measure an orbit for the companion. Spectra with very high signal to noise ratios would be required together with careful spectral disentangling to try to identify the Cepheid companion and measure its velocity.
In our method, however, we relate the absolute radius change ∆R(t, p) (see Fig. 9 ) obtained from the integration of the pulsational radial velocity curve (depending on the p-factor) to the relative change of the radius ∆r(t) obtained from the photometry, by the star separation A:
As the shape of ∆r(t) is taken from integration of the radial velocity curve, what actually matters are just the amplitudes of the radius change, i.e. ∆R(p = 1) = 4.83R ⊙ and ∆r = 0.01375.
If we knew the separation of the stars in the system then from this analysis we could obtain the value of the p-factor. But we can invert this equation: assuming a value for the p-factor we can obtain the separation of the stars in the system:
which lets us directly calculate the masses and radii of the Cepheid and its companion:
The equations for the masses are derived from the orbital solution (with the known inclination) and Kepler's third law substituting the dependence on the semi-major axis with the one on the p-factor (equation 1). We can put limits on these relations. First, the separation cannot be smaller than the orbit radius of the Cepheid, which is 375 ± 3R ⊙ . Second, the p-factor itself has limits. Taking into account our studies of classical Cepheids in binary systems we can assume that the value of the p-factor falls between 1.2 and 1.4. This assumption is in agreement with other recent measurements of p-factors (Breitfelder et al. 2016; Nardetto et al. 2017; Kervella et al. 2017) . Using all high-accuracy determinations from the literature Kervella et al. (2017) calculated a weighted average for this parameter to be p = 1.29 ± 0.04, while the previous period-projection factor relation derived by Nardetto et al. (2009) gives p = 1.25 ± 0.05.
Thus we can estimate the minimum and maximum mass of the Cepheid and its companion as well as limits for other physical parameters. Parameters for three cases (for p-factors 1.2, 1.3 and 1.4) are presented in Table 5 and the graphical form of the p-factor -mass and the p-factor -radius dependence is shown in Fig. 15 . Note that the estimated uncertainties of parameters derived from the orbital solution include the p-factor uncertainty through the A ∼ p scaling and therefore are highly correlated, i.e. if the mass of the Cepheid were lower, the mass of the companion, the semi-major axis and the radii would be lower as well. At this point our best estimate for the Cepheid mass is about 1.4M ⊙ . It is not the expected mass for type II Cepheids, but as already noted, the star is probably not a normal type II Cepheid. A mass of 0.5-0.6 M ⊙ , however, is still a possible value for the Cepheid if the p-factor is closer to 1.2.
We can also make another kind of analysis. Because we know the distance modulus to the LMC to high precision -18.49 ± 0.01(stat) ± 0.05(sys) mag , we can calculate the luminosities of the stars and compare them with those calculated for different assumed p-factors (or star separations).
The system lies close to the galactic center (about 30 arcsec) and to the line of nodes of the LMC, so the geometric correction calculated using the van der Marel et al. (2002) model is small -only 0.01 mag. Using a different model of the LMC (Inno et al. 2016) we obtained a higher angular distance from the center (∼ 55arcsec), but the same geometric correction. In both cases the system is located farther than the LMC center. We adopt a distance modulus to the binary of 18.50 ± 0.05 mag.
We can use this value to calculate the absolute magnitudes (M V ) of the system components using the observed dereddened magnitudes from Table 4 . Using the luminosities calculated for different radii we can also calculate the bolometric magnitudes (M bol ) and derive the necessary bolometric correction:
These values are presented in Table 5 . Now we can compare the values of BC V with those expected for stars of these types. From the calibration of Alonso et al. (1999) we obtain a value of −0.20 ± 0.02 for the Cepheid and −0.18 ± 0.05 for the companion. The BC V for the Cepheid strongly favors the central solution for p = 1.3 presented in Table 5 and implies a mass of the Cepheid of 1.5 ± 0.4M ⊙ and p = 1.3 ± 0.05. Because of the large errors conclusions regarding BC V for the companion are not so definitive.
Knowing the distance we can also calculate the star radii using the surface brightness -(V-K) color relation (hereafter SBCR). Using the formulas from Challouf et al. (2014) and Di Benedetto (2005) , for a Cepheid color (V − K) = 1.8 ± 0.09 and a distance 50.1 kpc we obtain a radius of R cep = 25.0 ± 1.2R ⊙ , which translates to M cep = 1.4 ± 0.5M ⊙ and p = 1.29 ± 0.06. The results are not very precise because of the low accuracy of the (V-K) color. Note that the flux ratio in K-band was not directly measured and the K-band magnitude of the Cepheid had to be estimated.
The (V-K) color for the companion is poorly established, and the resulting radius from the SBCR is R comp = 24.9 ± 2.5R ⊙ . Once again, the values obtained for the Cepheid strongly indicate the central solution, and those for the companion suggest a solution between the lower limit and the central solution. In Fig. 15 the dark gray areas show the combined best solutions from the bolometric correction and the SBCR method, and the light gray areas show the possible parameters within the combined errors of these two methods.
Parameters of T2CEP-098 constrained with stellar pulsation theory
We can further constrain the parameters of T2CEP-098 using stellar pulsation theory. T2CEP-098 pulsates in the radial fundamental mode and its pulsation period, P ≈ 4.974 d, is actually the most accurate observable at hand. Pulsation periods can be precisely reproduced with linear pulsation codes as is commonly done in asteroseismic studies of multimode pulsators of various types (see e.g. Aerts et al. 2010) , including classical pulsators (Moskalik & Dziembowski 2005) . Below we check whether each p-factor value in the 1.2 − 1.4 range, considered in Sect. 5.1, or alternatively whether each mass value in the 0.72 − 2.43 M ⊙ range, leads to a pulsation period (computed with the linear pulsation code) consistent with the observed period. Uncertainties intrinsic to the modeling (e.g. non-linear period shifts, turbulent convection model) will be discussed later on and taken into account during comparison of the computed and observed periods.
For the computation of pulsation periods we use the linear non-adiabatic pulsation code of Smolec & Moskalik (2008) which implements the time-dependent, turbulent convection model of Kuhfuss (1986) . This code, together with its non-linear version, has been extensively used to study the dynamical behavior of type-II Cepheids -see Smolec (2016) and references therein. Here we use exactly the same model parameters (structure of numerical grid and parameters of the turbulent convection model) as in the above study. All parameters are explicitly given in section 3 of Smolec et al. (2012) , in particular the convective parameters are those of set P1. In all model computations we use the OPAL opacities (Iglesias & Rogers 1996) supplemented at low temperatures with the opacity data from Ferguson et al. (2005) and computed for the scaled solar chemical composition as given by Asplund et al. (2009) . To compute the pulsation period, the necessary input parameters are mass, M , luminosity (or radius), L (or R), effective temperature, T eff , and chemical composition (hydrogen and metal abundance, X and Z).
Before we proceed to the modeling of T2CEP-098, we first demonstrate how the pulsation code in this approach reproduces the pulsation period of OGLE-LMC-CEP-0227, a fundamental mode classical Cepheid and a member of an SB2 eclipsing binary system. Pilecki et al. (2013) derive M = 4.165 ± 0.032 M ⊙ , T eff = 6050 ± 160 K and log L/ L ⊙ = 3.158 ± 0.049. The metallicity of this system is unknown and so we adopt [Fe/H] = −1.0. With these parameters, the computed fundamental mode period is 3.820 d compared with the observed period of 3.797 d. By 
P obs ±3% Figure 16 . The ranges of fundamental mode period allowed by stellar pulsation calculations plotted versus p-factor. At each p-factor, the minimum and maximum fundamental mode period in a set of models with different effective temperatures and different metallicities is plotted. Thick solid lines correspond to models within the instability strip, while thin dashed lines correspond to models beyond the red edge. Model predictions are compared with the pulsation period observed for T2CEP-098 (thick and dotted horizontal line). The thin horizontal lines reflect the uncertainty inherent to pulsation modeling.
increasing the effective temperature by just 10 K, the pulsation calculations yield 3.798 d. For classical Cepheids nonlinear period shifts are small, of order of a fraction of a percent. The agreement between the observed and computed periods is thus excellent. For T2CEP-098 the mass and radius are functions of the p-factor (see Fig. 15 ), while its effective temperature was estimated in Sect. 4.3 to be T eff = 5300 ± 100 K. We have no metallicity estimate for T2CEP-098 and hence we consider three different values, [Fe/H] = 0.0, −1.0 and −2.0, covering both the metal rich and metal poor scenarios.
For each value of p-factor (and hence for each corresponding value of M /R) computed in the 1.2 − 1.4 range (with a 0.01 step), we have computed a set of pulsation models with effective temperatures of 5200, 5300 and 5400 K. For each effective temperature, three metallicities ([Fe/H] = 0.0, −1.0 and −2.0) were adopted, yielding nine models at a given value of p-factor. The resulting minimum and maximum fundamental mode periods for these models are plotted as a function of p-factor in Fig. 16 . For convenience, the corresponding mass values are plotted along the top axis. The solid line segments correspond to p-factors for which at least one model in a set is linearly unstable, i.e. is located within the instability strip. The dashed line segments correspond to p-factors for which all models are linearly stable, i.e. are located on the red side of the instability strip. Models with periods close to that of T2CEP-098 are located within the instability strip, close to its red edge.
Before the range of the fundamental mode periods calculated by the pulsation models at a given value of p-factor/mass is compared to the observed period, one needs to consider the accuracy of the computed linear periods. We are using a pulsation code with a relatively coarse Lagrangian numerical grid, made necessary by the time-consuming, non-linear computations. In particular, we use only 150 zones, of which the outer 40 have equal mass, down to the anchor zone in which the temperature is fixed to 11000 K and then 110 zones with mass geometrically increasing inward, down to 2×10 6 K. If these mesh parameters are altered, e.g. by increasing the number of zones or extending the envelope down to 4 × 10 6 K, etc., then the period of the fundamental mode changes by no more than 0.5 per cent. Another uncertainty arises from the simple one equation convection model we use, which contains several free parameters. Only the overall efficiency of the convection, determined by the mixing-length parameter, α, can alter the pulsation periods significantly. By changing the default value we adopt in the computations (α = 1.5) by ±0.3, the period of the fundamental mode changes by up to ±2.5 per cent. Finally, we compute linear periods, while the observed period corresponds to full-amplitude, non-linear oscillations. The expected non-linear period shifts for type-II Cepheids were studied in detail by Smolec (2016) , (see in particular their Fig. 6 ). Non-linear period shifts can be as large as ±15 per cent, but only for more luminous, longer-period stars. For T2CEP-098, which is located close to the red edge of the instability strip with a pulsation period close to 5 d, we may expect that the non-linear period should be slightly shorter, by up to 2 per cent.
To take into account the above uncertainties related to stellar pulsation calculations, we require that the computed periods match the observed period to within ±3 per cent, which is marked with thin horizontal lines in Fig. 16 . It is clear that stellar pulsation calculations strongly limit the range of possible values of p-factor and consequently of mass, even though the metallicity of the Cepheid is unknown. The p-factor must be in the range 1.287 − 1.323, and consequently the mass in the range 1.45 − 1.57 M ⊙ , for the pulsation models to agree with the observed period. Adding the uncertainty of the p-factor from Section 4.2 and the uncertainty of radius and orbital elements that influence the mass-radius relation, we estimate the mass of the Cepheid to be 1.51 ± 0.09M ⊙ and p = 1.30 ± 0.03.
We have shown that by using linear pulsation calculations we can strongly constrain the parameters of this singlelined eclipsing binary system. Stellar pulsation theory offers more possibilities. Non-linear calculations of the radial pulsation are possible, which may lead to further refinement of the parameters of T2CEP-098 through comparison of the observed and the modeled light and radial velocity curves. Such modeling is time-consuming and is beyond the scope of the present analysis. A dedicated study of this and other similar systems is planned.
Classification
The classification of the Cepheid T2CEP-098 is complicated as it shows characteristics of various classes of pulsators. The estimates of physical parameters presented above indicate a mass of 1.4-1.5 M ⊙ , as expected for Anomalous Cepheids (Bono et al. 1997) . Classical Cepheids have masses closer to 4 M ⊙ , and type II Cepheids are expected to have masses around 0.5 M ⊙ . Another indication that the star might be a long-period Anomalous Cepheid is its position on the period-luminosity diagram. As seen in Fig. 13 the star is located exactly between the classical and type II Cepheids, similar to Anomalous Cepheids. A common period-luminosity relation can be even determined for these 1.5 M ⊙ pulsators, parallel to the PL relations for the other types.
On the other hand the color of the star is quite different. Anomalous Cepheids occupy a narrow color range around (V − I) ∼ 0.6, while the corrected color for the pulsating component is about 1.0 (reddened) -see Fig. 14. As already stated in subsection 3.1 the shape of the light curve of T2CEP-098 is more similar to BL Herculis (or even classical Cepheid) type stars than to W Virginis stars. There are no known Anomalous Cepheids with such long periods, so the shapes of the light curves cannot be compared.
The difference between T2CEP-098 and the W Virginis stars can be also seen when we correct the amplitude of pulsations by subtracting the light of the bright blue companion (see Fig. 17 ). The star moves from a position typical for W Vir stars with periods of about 5 days (amplitude ∼ 0.1 mag) to a position typical for BL Her stars or Anomalous Cepheids (amplitude ∼ 0.5-0.6 mag on average). This suggests that its classification as a peculiar W Virginis is uncertain.
A similar situation may be also true for other stars tagged by Soszyński et al. (2008) as WVir or pWVir based only by a period criterion. More detailed studies and analysis of other eclipsing type II Cepheids will be necessary to answer this question.
The problem with the classification of T2CEP-098 may be resolved if we consider an evolutionary history different than for standard classical or type II Cepheids. The first hint for such a solution is its similarity with Anomalous Cepheids, which are thought to originate in a merger of two lower-mass stars. Another hint is its very unusual configuration, resembling the Algol paradox, where the less massive (1.5 M ⊙ ) star is more evolved than the more massive star (6.8 M ⊙ ). The lower-mass Cepheid seems to have passed through the red giant stage, while the more massive component apparently has just left the Main Sequence and is now moving redward through the Hertzsprung gap.
To explain the current state of the system, mass transfer seems to be necessary. One possible scenario is that the originally more massive (∼ 5M ⊙ ) Cepheid progenitor filled its Roche lobe on its way up the red giant branch (at an age of about 100 Myr) and started transferring mass to its companion. At this stage the orbital period would be about 100 days and the separation between the stars about 180 R ⊙ . The stars would pass through mass reversal (which was also necessary to resolve the Algol paradox) and the current Cepheid would start burning helium and shrinking after transferring most of its mass to the companion, eventually passing through the instability strip. Its companion would grow from about 3.2 M ⊙ to the current 6.8 M ⊙ and after burning all the hydrogen in its core would leave the Main Sequence. This explanation assumes conservative mass transfer, and would need modification if a significant amount of mass and angular momentum were lost from the system. This binary evolution scenario would solve most of the aforementioned classification problems. To better constrain the evolutionary state of this system however, better observational data is necessary together with more complex modeling. High quality spectra would allow a determination of the metallicity and more advanced pulsation models (utilizing non-linear calculations) would allow a better estimate of the physical parameters of both stars. K-band photometry covering the eclipses would greatly help in determining the temperatures of both components.
We make one general comment regarding the binarity of type II Cepheids. Fig. 17 shows a large scatter of the amplitudes of BL Her stars with many outliers with low amplitudes and with a clear upper limit at about 0.7 mag. The increase of the T2CEP-098 pulsational amplitude after the subtraction of the companion light and typically bluer colors of BL Her stars may suggest that some of the lower-amplitude objects may be members of binary systems. For example all of the BL Her stars outlying upwards on the period-luminosity diagram (see Fig. 13 ) have amplitudes lower than 0.35 mag.
SUMMARY AND CONCLUSIONS
We have presented an analysis of T2CEP-098, a binary system composed of a type II Cepheid, previously classified as a peculiar W Virginis star, and a blue giant. Analysis of spectroscopic data and the use of pulsation theory has allowed an improvement in our understanding of this system compared to the study made by Alcock et al. (2002) . More and higher quality photometric data further improved the quality of the models.
The companion to the Cepheid is an early-type star of spectral type A0. For such stars metal lines are hardly present, but the hydrogen Balmer lines are very strong. We could detect the presence of the companion in these lines, but an accurate radial velocity curve for this star could not be measured due to its very low orbital amplitude and contamination from additional light sources in the spectra. Higher signal to noise ratio spectra are necessary to allow an analysis of the system as an SB2 binary.
Although the system is a single-lined spectroscopic binary we could determine the most important physical parameters, including the masses, using a variety of independent methods. The mass of the pulsating component was estimated to be 1.51 ± 0.09M ⊙ , with pulsation theory yielding the strongest constraints. The corresponding mass of the companion was calculated to be 6.8 ± 0.4M ⊙ .
In our method the physical parameters scale with the p-factor, which means that determining the mass of the Cepheid allows an estimation of this important parameter. Our best estimate is p = 1.30 ± 0.03, which is consistent with the recently measured value of 1.26 ± 0.07 for the type II Cepheid κ Pavonis (Breitfelder et al. 2015) . This comparison must be tempered with the unclear classification of T2CEP-098.
The Cepheid has several features that make it similar to type II Cepheids. These include the amplitude and the shape of the light curve (similar to those of BL Her stars), possible erratic period change, a color typical of W Virginis stars, and a large relative radius change of ∼ 25%. On the other hand, it lies exactly in the middle between the period-luminosity relations of classical and type II Cepheids, and has a mass close to 1.5 M ⊙ , much larger than the mass of 0.5-0.6 M ⊙ expected for the type II Cepheids. The position on the P-L diagram and the mass may suggest that the star is a long-period Anomalous Cepheid.
The system configuration and especially the masses strongly suggest a binary interaction in the evolutionary history as necessary to solve the Algol paradox. Mass reversal after mass transfer from the originally more massive component would explain the current evolutionary status of the components and solve all of the classification problems. A pulsating star that is a result of such a binary interaction might be called a Binary Evolution Pulsator, as suggested by Pietrzyński et al. (2012) for a star with a similar history, or more specifically a Post-Algol Pulsator, as T2CEP-098 directly follows the evolution of an Algol-type system.
More and better quality data together with more advanced analysis is necessary for better understanding of the system and a more precise description of the pulsating component that although sharing some characteristics with classical, type II and Anomalous Cepheids, cannot be unambiguously classified as any of them.
Our study shows that in case of eclipsing binaries with pulsating components we can accurately derive the most important physical parameters of the stars even for single-lined binaries. This result is very important for the characterization of the unbiased sample of Cepheids and other pulsators. Limiting analysis to double-lined systems places unnecessary restrictions to a limited number of evolutionary scenarios and specific ranges of parameters. The inclusion of systems with only one component visible in the spectra will also make the sample of pulsating stars with measured physical parameters larger and statistically more significant. We have already identified several classical and type II Cepheids in this kind of systems, and plan appropriate followup studies. The analysis of the spectra and radial velocity curves presented above is based on the RaveSpan code.
RaveSpan is an easy to use graphical application that brings together three major velocity extraction methods: cross-correlation function (CCF), two-dimensional CCF (TODCOR) and Broadening Function (BF). All extracted velocities are instantly plotted in the RV curve window. Selected orbital parameters may be fitted afterwards.
RaveSpan is composed of several components. There is a spectrum viewer, where one can inspect collected spectra, compare them with templates, and choose a wavelength range for the analysis. In the orbit viewer, one can see extracted velocities and a model of the orbit. There is also an orbit fitting tool, which can be used to fit selected orbital parameters. The radial velocity analysis tool allows users to see the output of CCF, TODCOR or BF and interactively fit several profiles of different types. There is also a simple Spectral Disentangling mode implemented.
RaveSpan is written in pure Python and uses PyQt graphical library with Matplotlib as a plotting tool. The code is available for download on a dedicated webpage 7 , where more details are available.
